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Consistent matter couplings for Plebanski gravity 
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We develop a scheme for the minimal coupling of all standard types of tensor and spinor 
field matter to Plebanski gravity. This theory is a geometric reformulation of vacuum general 
relativity in terms of two-form frames and connection one-forms, and provides a covariant 
basis for various quantization approaches. Using the spinor formalism we prove the con- 
sistency of the newly proposed matter coupling by demonstrating the full equivalence of 
Plebanski gravity plus matter to Einstein-Cartan gravity. As a byproduct we also show the 
' consistency of some previous suggestions for matter actions. 

on 

00 ■ I. INTRODUCTION 

(N 

Einstein-Hilbert gravity admits various reformulations One of the best-known alternative 
O" 1 Q 

descriptions of the metric geometry of spacetime is Einstein-Cartan gravity [2j where the funda- 

mental degrees of freedom of the gravitational field are encoded into orthonormal frames and an 

independent Lorentz connection one-form. While this theory is fully equivalent to general relativity 

g \ . t ™ 9eld ^ - „ . ta „ ^ ^ by — » it a lloWS th e 

immediate coupling of spinor fields. Moreover, from the differential form language used in the for- 

. mulation of Einstein-Cartan gravity the importance of the two-forms induced by the orthonormal 

8 : ^ - — F — ^ . ta _ « ta . _ of 

curvature of spacetime [3( . 



Plebanski was the first to provide a reformulation of vacuum Einstein-Cartan gravity in which 
the two-form frames, besides a connection one-form, were considered to be the fundamental vari- 



ables of the gravitational field 



a. 



In this theory, the equations of motion guarantee the existence 
of an orthonormal frame that induces the two- forms, and from which the metric can then be 
reconstructed. Plebanski gravity has several interesting features. Its Hamiltonian phase space 
dynamics [l, 5] turns out to be that of the Ashtekar formulation [6] of gravity, and so it provides 
a covariant foundation for the ambitious program of loop quantization [7]. The Plebanski for- 
mulation has also been used as the starting point for the quantization of gravity via spin foam 
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models 0,0]. Moreover, it has been argued in [lo| that Plebanski gravity could be renormalizable 
within a certain extended class of theories based on two- form frames. 

In its original formulation Plebanski gravity is a vacuum theory, and in this sense it is an 
incomplete gravity theory. The specification of matter couplings is essential because it determines 
the causal propagation of matter fields in spacetime, and in turn the motion of observers. But 
their precise definition is needed for any interpretation of the gravitational field. 

The matter couplings to Plebanski gravity discussed in the literature are restricted to a perfect 
fluid model 11], and to proposals of actions for scalars, Yang-Mills fields and spinors in [5]. The 
energy momentum source terms were argued to be given by two- forms [12| . Although these results 
appear comprehensive on a first glance, a closer view shows that they are motivated case by case. 
There neither exists a general coupling scheme for the standard types of tensor and spinor field 
matter, nor a general proof of consistency. 

In this article we will fill this gap by developing a general minimal coupling scheme for matter 
fields in Plebanski gravity. We will prove consistency by demonstrating the equivalence of Plebanski 
gravity with matter to Einstein-Cartan gravity. In section[IT]we will review Einstein-Cart an gravity 
and the Plebanski formulation in a self-contained way. For this we will explain and use the spinor 
formalism introduced by Penrose. Section ITTll discusses matter coupling to Einstein-Cartan gravity. 
In particular we will rewrite the gravitational equations in a form suitable for a later comparison 
with Plebanski gravity. Section IIVI contains the essential new results of this article. We will 
present our new minimal coupling scheme for matter in Plebanski gravity. We will first discuss 
the simpler case of coupling tensor fields and prove the full equivalence to Einstein-Cartan gravity. 
With similar technology it is then simple to prove the consistency of some of the known matter 
couplings, too. Finally we will extend the minimal coupling scheme to include spinor fields. We 
will conclude with a discussion in section [V] 



II. EINSTEIN CARTAN AND PLEBANSKI GRAVITY IN SPINOR LANGUAGE 

The aim of this section is a review of the Plebanski formalism of gravity which is based on two- 
form variables that encode the gravitational field. To develop this idea we first discuss Einstein- 
Cartan theory where the relevant field variables are one-form tetrads. In a second step the tetrads 
are replace d by two-form frames. In our calculation we employ the spinor techniques introduced 
by Penrose [lS. While these have been used for Plebanski gravity before 5], it is hard to find 
a spinor formulation of Einstein-Cartan theory in the literature. In section IIVI the use of spinor 
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methods will become significant in our proof of equivalence of Plebanski gravity with matter and 
Einstein-Cartan gravity. 

A. Einstein Cartan theory 

In Einstein-Cartan theory, the spacetime metric g = g a bdx a <g> dx b is replaced by a tetrad 
of one-forms e p = Badx a with Lorentz indices jj, = ... 3. Metric and tetrad are related by 
the orthonormalization condition g^ 1 (e fJ- ,e l/ ) = g ab eae% = rf' u with canonical Lorentzian metric 
jjixv _ ciiag(l, —1,-1, — . In the first-order formulation the vacuum action for the tetrad fields 
employs an SO(l, 3)-connection one-form u pu = oja U dx a = —u up , and reads 

5 EC [e",wH= / e Wff (e"Ae ,/ AR^[td]-^Ae ,/ Ae p Ae ff ). (1) 
Jm ^ 3 ' 

Here R P<T [u] = duj pa + oj p t A uj Ta denotes the curvature two- form of ui (which should not be confused 
with the Ricci tensor), and e^ vpa is the totally antisymmetric symbol with £0123 = 1- Variation of 
the action S with respect to ui yields 

de p + aA, A e u = , (2) 

which is solved by the torsion- free Levi-Civita connection u)[e]. The dynamical equations for the 
tetrad fields are obtained by independent variation and read 

w {? A R pa M - y &u A eP A e<T ) = • (3) 

Substituting the solution ui[e] these have been shown to be equivalent to vacuum Einstein gravity 
with cosmological constant A [151 ]. 

We will now present a reformulation of the Einstein-Cartan action S EC in the spinor formalism. 
Observe that all objects appearing in the action ([T]) are Lorentz algebra valued tensor fields. These 
will be replaced by spinor fields, which works as follows. Lorentz tensor fields are sections of tensor 
bundles associated to an underlying 50(1, 3) principal fiber bundle. Since SL(2, C) is the universal 
covering group of 5"0(1,3), one may instead consider an SX(2,C) principal fiber bundle. Then 
one constructs the associated tensor bundles where tensors now are allowed to be multi(anti-) linear 
maps (using complex conjugation). Sections of these associated bundles are called spinor fields and 
form the spinor algebra. It turns out that the subalgebra of Hermitian spinor fields is isomorphic 
to the algebra of Lorentz tensor fields. An explicit map between these is provided by the Infeld-van 
der Waerden symbols a, 

rpOL... , . rpAA' ... „AA' „fi rpa... I A \ 

T p...^T BB' ... = & a • ■ • a B B' — 0-- ( 4 ) 
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The capital Latin indices A, A' may take values 0, 1. Up to normalization, a AA ' is the 2x2 identity 
matrix while a AA ' . . . a AA ' are the Pauli matrices. The Infeld-van der Waerden symbols satisfy the 
inversion relations 

—AA'vl sAsA' ct MM 1 _ m / K \ 

°ii BB' — °B°B' > a MM' a P — °P > \°) 

which implies that the Lorentz indices in fully contracted Lorentz tensor expressions can simply 
be replaced by pairs of spinor indices. This also holds for densities like the Lagrangian density 
of 5 EC . 

We now discuss the spinor equivalents of the action ingredients in turn. The tetrad fields and 
the connection are mapped into Hermitian spinor fields as e MM ' and uj^ u i-» cjmnm'n'i 

note that it is only the order within primed or unprimed indices that plays a role. Due to its 
antisymmetry, ujmnm'N' = ~^NMN'M' > the 50(1,3) connection can be decomposed in the form 

WMNM'N' = UMN^M'N' + &M'N' e MN , (6) 

where €mn = e (with primed or unprimed indices) are totally antisymmetric symbols with 
eoi = e 01 = 1. These matrices e are used to raise or lower spinor indices according to the so-called 
northwest-southeast convention, e.g., uj P n = e P( ^ujQN or e A C = e PC ' £pa- Note that 

e B A = S A = -e A B . (7) 

The components lomn and ujm'N' in © are completely determined by the original components 
ujmnm'N'- A similar decomposition exists for the curvature h-> Rmnm'N' which is also anti- 
symmetric, 

Rmnm'n 1 = Rmn^wn' + Rm'n'Zmn ■ (8) 

One may check that 

RMN = duJMN + WM P A UJ PN . (9) 

The one-forms ujmn form an 5L(2, C) connection with associated curvature two-forms Rmn- Final 
ingredient of the action (Tj~j) is the epsilon symbol c^vpa 

that is mapped to 

e M NPQM'N'P'Q' = i {^MP^NQ^M'Q'^N'P' ~ ^MQ^NP^M'P'^N'Q') ■ (10) 

Inserting the spinor equivalents of the tetrads, connection and curvature, and of the epsilon 
symbol into the action (JXJ) yields the spinor formulation of Einstein-Cartan gravity: 

S* c [e MM ',LJ M N,UM>N>} = -2i [ e AA ' A e BB ' A (RabWa>b> - R A >b>Wab) 

J M 

~^e AA ' Ae B A > Ae/ A e BC ' • (H) 
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Note that the imaginary factor in front of the integral ensures that the action is real. The equations 
of motion are derived by variation with respect to the dynamical variables uj m n and e MM> : 



d 



(e MA> A e%) - 2J M A A e N ^ A ' A e A A , = , (12a) 



2A 

e AA /\(Rma[u]€M'A> ~ Rm'A'W\^ma) = M> A e M A A e A A> ■ (12b) 

The equation obtained by variation with respect to ujm'N' is found to be the complex conjugate of 
the equation of motion for ujmn- 

We will now show the equivalence of the equations of motion (|12p of the spinor formulation 
to the original Lorentz tensor field version of Einstein-Cart an gravity with equations (|2|) and ([3]). 
Using the Infeld-van der Waerden map, equation ([3]) can be rewritten in terms of spinorial objects. 
The appearing curvatures can then be decomposed as in ([5]) which yields equation ()12bp . Both 
these steps are equivalent transformations. 

Proving the equivalence of equations ([2]) and ()12ap is more involved. Assuming ([2]) we have 

d (e a A + e 7 A e p A uj a 1 + e a A e 7 A c/ 7 = . (13) 

After expressing this equation in spinorial language, we decompose the connection one-forms ac- 
cording to ([6]). Since a h- >• AA' and f3 i— > BB', we may now contract with eA'B 1 ■ Due to symmetry 
reasons this cancels the connection terms involving ujyi'N'i an d finally yields equation (|12ap . To 
see the converse (jl2ap =>([2|). we define a covariant derivative 

De AA ' = de AA ' - uj a b A e BA ' - uj a ' B , A e AB ' (14) 

which allows us to rewrite (|12ap as 

2^ M Q ,AeW=0. (15) 

This equation implies De AA = 0. (One way to obtain this result is to expand De AA in a basis of 
two-forms e 00 ' Ae 01 ', . . . , e 10 ' Ae 11 ', observing that this quantity is Hermitian. One then substitutes 
the expansion into both the above equation and its complex conjugate, and compares coefficients.) 
Finally note that De AA ' as defined in (|14p is precisely the spinorial version of equation ([2]). 

This completes our proof of equivalence of the Lorentz tensor and the spinor formulation of 
Einstein-Cartan gravity. The latter will now become the basis for our review of Plebanski gravity. 
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B. Plebanski gravity 

The key to proceed from the Einstein-Cartan action (|lip to Plebanski's formulation of gravity 
is the simple observation that the tetrads only appear in the combinations 

^AB = e AC> A e B c/ } t A>B> = e CA> A ^B' 

These present a basis of two-forms in terms of which the tetrad-induced basis can be expressed as 

£ AA> A e BB' = _ 1 ^A'B' S AB + e AB g A'B') (17) 

Using the Infeld-van der Waerden map, one finds that the two- forms £ and £ satisfy the 
following important geometric properties with respect to the spacetime Hodge star operator that 
acts as -k(dx a A dx b ) = y/\g\ 1 e abpq g pc 9qddx c A dx d /2 as an endomorphism of two forms: 

*£ AB = -*£ AB , *£ A ' B ' = +i£ A ' s ' . (18) 

With this sign convention, the T, AB are called selfdual, and the Y, A ' B ' anti-selfdual. From the 
two-form identity E A *E = *X A E one finds the useful relation 

E AB At C'D' = Q (19) 

Furthermore, the wedge product of two two-forms E is proportional to the canonical volume form 
d 4 x = dx° A dx l A dx 2 A dx 3 ; one finds 

Y, AB A E CD = 4i 6^6$ \f\g\ d 4 x . (20) 

In terms of the two-forms E and E, the Einstein-Cartan action integral (jlip becomes 

2i [ Ti AB [e] A R ab [oj] - t A ' B '[e] A R A , B >p] + ^ AB [e] A S AB [e] . (21) 

Now Plebanski's idea was to regard the two-forms Ti AB , the SL(2, C) connection ujmn-, an d their 
complex conjugates, as new fundamental variables of the gravitational field. However, this does not 
yet result in a gravity theory equivalent to the original Einstein-Cartan theory because the above 
action (with E no longer depending on e) and the resulting equations do not force the variables E 
and £ to be simple wedge products of some suitable tetrad. Moreover, the equation of motion 
for E (in the simple case of cosmological constant A = 0) would imply zero curvature = 0, 

and so the theory could not yield an interesting gravity theory. 

In order to repair these problems, it turns out to be sufficient to implement the constraint that 
ensures the existence of a tetrad e AA ' so that the two-forms E and E can be written as simple 
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wedge products in the form of equations (1161) . This constraint takes the form Y>( AB A Tp D ^ = 

n 

as discussed in [5] . Accordingly, the action must be modified by a totally symmetric spinor- valued 
function ^abcd that acts clS cl Lagrange multiplier, 



-^ABCdS^ A TF D + ^A'WD'E^' A E^' 

+ VaS ab -V B 'aW. (22) 

fa O 

This is the Plebanski action. The field equations obtained by variation with respect to cj, E and \& 
are 

dE AB - 2^( A C A E B ) C = , (23a) 

RAB ~ ^ABCD^ CD + ^AB = 0, (23b) 
S (AB A S CD) = q _ (23c) 

The equations for u>, E and turn out to be the complex conjugates. 

The vacuum Plebanski field equations (j23|) are completely equivalent to the vacuum Einstein- 
Cartan field equations (|12|) . We will recover this result in section HVl as a special case from our 
more general proof of equivalence for the non- vacuum case. 

We remark that there are two possible ways of reconstructing the information about the space- 
time metric from the two-forms T, AB that solve the Plebanski equations. On the one hand, one 
can construct the tetrads in terms of which the two- forms can be written as in equation (|16p , and 
then one calculates 

g = e AA ' ® e AA > = e AA ' a e AA > b dx a ® dx b . (24) 

On the other hand, it is also possible to use the so-called Urbantke formula first discovered in [l 
to calculate the metric directly, 

^\fetg~\9abdx a ® dx b = ^e mn ^ AB am Z B c np Z CAqb dx a ® dx b . (25) 

The Urbantke formula will become important as a constructive tool in section IIVI where we will 
present general consistent matter couplings to Plebanski theory both for tensor and for spinor 
fields. The formula is also important in recent work on geometric extensions of two-form gravity, 
as we will discuss briefly in the conclusion. 
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III. MATTER COUPLING TO EINSTEIN CARTAN GRAVITY 

So far we have discussed Einstein-Cartan and Plebanski gravity in vacuum. We now wish to 
complete these theories by coupling the common types of matter that either appear as tensor or 
as spinor fields. In this section we begin by discussing matter fields in Einstein-Cartan gravity. 
We do so in order to lay the foundations for our key results in the following section IIVI where we 
develop new consistent matter couplings to Plebanski gravity. In particular we here introduce a 
systematic approach to extract the full content of the gravitational field equations. This will be 
essential later on when we will prove the full equivalence of non-vacuum Plebanski gravity with 
the new matter couplings to Einstein-Cartan gravity. 



A. Tensor fields 



The matter actions for all common tensor fields, collectively denoted by Q, are of the generic 
form S m [g,Q], and do not depend on covariant derivatives related to the metric g. Using for- 
mula (|24p immediately provides a minimal coupling of fields Q to Einstein-Cartan gravity; the 
action becomes 

Sf n c [e,Q] = S m [g(e),Q]. (26) 

The full gravitational field equations of Einstein-Cartan gravity are obtained by variation of the 
total action S + S^ , see ([IT]) , with respect to the tetrads e and the SL(2, (C)-connections ui 
and u). Matter source terms arise from 

^EC _ f jd ""m $9ab X AA'_ f *4 /TT * rpab $9ab CG' x„AA' 



e m ~ J M Sg ab Se^' de P -J M drx V\9\ 2 1 6e AA> e P de cc , 
where we used the definition 

T ab = 2 (28) 

y/\g\ dg a b 

for the matter energy momentum tensor, and reexpressed the spacetime components 5e A A> of the 
variation 5e AA ' in terms of components 5e AA ' cc with respect to the tetrad basis. Combining this 
result with the vacuum field equations (|12|) results in 



= d 



(e MA ' A e%) - 2J M A A e N ^ A ' A e A A , , (29a) 



= e cc A e A{Rma[u]€ M 'A' ~ Rm'A'Wma) 

- ^- e cc ' A e A M > A e M A ' A e AA > + ^VWl d 4 xT ab e aM M>e£ C ' . (29b) 
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We will now systematically extract the content of the second field equation by calculating its 
four-form components. For this purpose we insert the two-form basis decomposition 

Rab = (iPabcd + Ae ( ^| C |e B)D ) E CD + $ ABC , D ,t c ' D ' . (30) 

The component functions ipABCD are totally symmetric in their spinor indices, and correspond to 
the Weyl tensor part in the spinor decomposition of the Riemann curvature. Moreover, the Her- 
mitian components &abcd' = &ABCD' jencode the tracefree Ricci tensor, while the real function 
A = A is determined by the Ricci scalar 



19] . We then express all wedge products of two tetrads in 
terms of E and E via formula (|17p . Due to (|19p only terms of the form E AS and E AS remain; these 
can be simplified using ([20]) . Following these steps, and using the facts that, by construction, <E> is 



Hermitian and A is real, one obtains the following component equation equivalent to ()29b|) . 

2®MNM'N' + (A + 3A) CMN^M'N' = gT M NM'N' i (31) 
where we denote the components of the matter energy momentum tensor in the tetrad basis by 

rpMNM'N' _ rpab e MM' e NN' ^) 

We finally decompose equation (|3ip into components of independent symmetry. To do so we make 
use of the fact that expressions Eab = —Eba that are antisymmetric in two spinor indices must 
be proportional to the symplectic form cab] more precisely, one finds that 2Eab = ~E c e AB- 
Eventually, the symmetry decomposition yields 

= Yq^(MN)(M'N') — ®MNM'N' , (33a) 
= ^T cc ' cc ,-\-3A. (33b) 

This determines the curvature two-form 

RAB = lpABCD^ CD - ^( 32/ ^ ~ T ° C CC')^AB + J^T(AB){C> d>)^ C D (34) 

in terms of the theory's matter content and the cosmological constant A. The Weyl contribution 
^abcd is not restricted by the equations of motion, as is the case in general relativity. 

The two equations (|33p together with the vanishing torsion condition (|29ap concisely summarize 
the full dynamical content of Einstein-Cart an gravity coupled to tensor field matter. 
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B. Spinor fields 

In contrast to the situation for tensor fields, the action of spinor fields £ in Einstein-Cartan 
gravity also depends on the connection one-forms that directly couple to the spinor fields via the 
Lorentz covariant derivative. The action has the generic structure 

Sf c [e,u;,u,,(]- (35) 

Consequently, one now obtains source terms from the variations with respect to the tetrad e and 
the connections uj and Q. Below we only display the arguments related to w; those related to Co 
are similar. From 

6S? C r , 5S? C 



r 5S av r 5S^ V 

6uS? c = / d A x-^5uAB P = / d 4 x-^e^ c ' 'Suabcc 

JM OCOABp JM O^ABp 

we find the torsion condition 



(36) 





The variation 



5S? C 



d (e MA ' A e N A ,) - 2^ M A A e N ^ A ' A e A A ] A e cc ' + 1^-3—^ . (37) 
V / J 2 OUABp 



r ,W EC r ,W EC 

w = 1**^4**? = L d ' x 4* e > c ' SeAA ' cc ' 



(38) 



is structurally very similar to the corresponding variation (|27p for tensor field matter; the only 
difference is that the term \/\g\T ab 5g a b/ 5e AA there is replaced by 2 5Sf c /8e AA here. Hence the 
equation of motion is (|29b|) with the same replacement. In the same way as before we may then 
systematically extract the four-form components of this equation, which yields 

2$MNM'N' + (A + 3A) CMN^M'N' = a^MNM'N' (39) 



where now 



1 



5Sf c 



TMNM'N' — rr-r r MM , ^NN'p ■ (40) 

V \9\ " e p 

The decomposition of this equation into components of independent symmetry finally gives 

= Y^(MA0(M'AT') ~~ $MNM'N' > (41a) 



° = ^ fCC 'cc> -A-3A, (41b) 

c 



= T {MN) C c > ■ (41c) 
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Comparison to (|33p shows that the third condition does not occur for tensor field matter. Here it 
arises because Tmnm'N' is n °t by definition symmetric under the interchange of index pairs MM' 
and NN'. 

Collectively denoting by £ both tensor and spinor field matter, we thus conclude that the full 
dynamical content of Einstein-Cartan gravity is captured by the torsion condition (|37p . a similar 
equation derived by variation with respect to ui, and the relations f)41[) between curvature and 
energy momentum. 



IV. MATTER COUPLING TO PLEBANSKI GRAVITY 



This section contains the central results of this article. Most importantly, we will present a 
new scheme for the minimal coupling of tensor field matter to Plebanski gravity. We will prove 
the equivalence of the resulting theory to Einstein-Cartan gravity with matter by comparison to 
the results of theprevious section. We will also reconsider the proposals for scalar and Yang-Mills 
couplings from j^|; their full consistency will be established for the first time. Finally, we will 
show how to extend our new minimal coupling scheme so that also spinor fields can be included 
consistently in Plebanski gravity. 



A. New minimal coupling scheme for tensor field matter 

As discussed in section IIIIl the generic matter action for tensor fields Q only depends on the 
metric g and takes the form S m [g, Q]. The Urbantke formula ([25]) now provides an expression for 
the spacetime metric in terms of two-forms T> AB . We can also use the complex conjugate of this 
formula to obtain an alternative expression for g in terms of the T, A ' B> . 

Based on this observation we propose the following natural minimal coupling for tensor field 
matter to Plebanski gravity: 

S£[E, 2, Q] = ±S m \g(2), Q] + ^S m [g(E), Q) . (42) 

This action is chosen to be symmetric in the £ and £, so that both corresponding variation 
equations will acquire source terms. We write 

5A ~ ] M dX 2Jg- b ^ 5 ^ 

= j M d^VW\ \T ah ^ pq + YgtStf**,?) (43) 
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using our definition (|28p of the metric energy momentum tensor and expressing the variation 5Y, AB 



pq 

in terms of components with respect to the two-form basis given by £,£. All these components 
appear because the variation 5Y, A q can contain both selfdual and antiselfdual contributions. 

With this result we obtain the full set of gravitational field equations from the variation of the 
total action 5 P + see ([22]) . with respect to oj, £ and the Lagrange multiplier 



dZ AB -2^ A C A^ C = 0, 
£ PQ A [r AB - *abcdZ cd + ^ab 



A ( RAB - ^ABCD^ CD + TZ^AB 



A. 



T7Tj4 T ab_^9ab_ y PQ 

151 6Z A q B pq ' 

11 SE AB pq ' 



(44a) 
(44b) 

(44c) 
(44d) 



The equations for u) and ^ are once again found to be the complex conjugates; this also holds for 
the equation for £ assuming real energy momentum T ab . We will further comment on this point 
in section liV Dl Note that the energy momentum tensor and the volume density depend on g(£). 
The final missing ingredient in the Plebanski field equations above is the term 5g a b/ 5Y* AB that 



can be calculated from the Urbantke formula 
condition for £ which reads 

1 



and from (|20|) . We also employ the selfduality 



£ ^ABcd 



■ -yah 
1 ^AB 



in components. After some amount of simplification we obtain 

Sgab 1 S ( r, — r \ g a b 5 n-r 



^ AB 



\9\9ab 



(45) 



(46) 



1 



12 a 



d^ sR { A^B)Rsb + 



48 



pqmnsr* R v 
£ 2->am. ( A £-> 



m (A^B)Rbn 



1 

24 



9ab^AB 



+ (a o b) . 



1 2 

Based on these results we will now prove the equivalence of Plebanski gravity with tensor field 
matter minimally coupled as proposed in (|42|) to Einstein-Cartan gravity. 



B. Proof of equivalence to non- vacuum Einstein Cartan theory 

To prove the full equivalence of Einstein-Cartan and Plebanski gravity with tensor field matter, 
we recall that the constraint (|44dj) is equivalent to the statement that the two-forms £ are simple, 
i.e., induced by some tetrad of one-forms e AA as T, AB = e AC Ae B c>- In consequence, equation (|44al) 
is immediately equivalent to the torsion-free condition (|29a|) in Einstein-Cartan-gravity. It remains 
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to be shown that the curvature equations (|44b|) and (|44cp of Plebanski gravity are equivalent to the 

curvature equation in Einstein-Cartan gravity from which we extracted the dynamical content (|33p . 

We proceed by simplifying the source terms in the Plebanski curvature equations under the 

assumption of simple two- forms E and E. For this purpose we employ the selfduality relation (|45p . 

the component expressions 

^AB _ n AC B yA'B' _ % CA' B' ( A7 \ 

\q ~ 2e [p e q]C> , ^pq ~ 2e [p e q]C , ( 47 J 

and the identity 

e AA' e sBB> = e AB e BB> (4§) 

A lengthy expansion of all terms then results in 

1 8 ( \ „Pn 1 



9\9ab) ^pq Q = ^A 5 %9ab + ^efJ F e b)S> (A 5 B) > ( 49a ) 

^ad \ v ^\9ab) ^pq Q ' = ~ 2 e A (P ' ' ( a e b) B Q ' ] • (49b) 



Substituting these expressions into equation (|46p and using the definition (|32p . we find that the 
curvature equations (|44bp and (|44cp reduce to 

E PQ A (r ab - ^ AB CD^ CD + ^ab) (50) 



and 



3 



] P ' Q ' A - * ABC bZ cd + ^ab) = -l^xT^'^ (51) 



From these two equations we may now systematically extract the four-form components in 
precisely the same way as presented in section IIII Al The first equation (|50p is equivalent to the 
component expression 

= -32(^abcd - *abcd) + e {A \ c \e B )D ( - |(A + 3A) + ^T RS ' RS ^ , (52) 

which, after symmetry decomposition, tells us to identify the Lagrange multiplier \& with the Weyl 
part ip in the curvature decomposition (|3Up . but does not at all constrain the Weyl part. Otherwise 
the expression above is equivalent to equation (|33bp . The second equation (j5"T|) is equivalent to the 
following component expression which is in turn equivalent to ([33a]): 

= 8®ABC"D> - ~T(AB){C' D') • (53) 

This completes the proof of equivalence of Einstein-Cartan gravity and Plebanski gravity with 
tensor field matter minimally coupled as proposed in the preceding section IIV Al As an important 
special case one immediately recovers the equivalence of both theories in vacuum. 
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C. Consistency of known couplings 

With our new technology for matter coupling to Plebanski gravity firmly in place, we are now in 



the position to investigate t 



re consistency of the actions for scalar and Yang-Mills fields previously 



suggested in the literature ij. 

We first consider the massless scalar field action 

5j[S, E, 0, tt] = i | d 4 *^(S^(VcU - ^(SUvr V) + (E M- E) (54) 

in symmetric form with respect to E and E. The presence of the auxiliary field 7r a , that is fixed 
by the equations of motion to be g(E) a fc7r b = d a (f) which in turn yields the Klein-Gordon equation 
for cj), is motivated in |5J] by the desire to keep the action polynomial in the two-forms E,E. This 
is achieved through the Urbantke formula (|25p and relation (|2U|) . Observe that the action in the 
above form is precisely of the minimal coupling type we proposed in (|42p . Hence the results of this 
article for the first time prove the consistency of this scalar field action within Plebanski gravity. 



Second, we consider the Yang-Mills action suggested in 



S§ u [E,fl,A,<j>,$\=i [ Tr(FAE AB AB -i ( W CD E AB AS CD 
J M V 1 

-FA Z A ' B ^A>B> + \U>b>4>C>dK A ' B ' A YF' D ') , (55) 

that depends on a Lie algebra valued gauge potential A with real field strength F = dA + A A A and 
an auxiliary spinor valued symmetric function 4>ab- The trace is that of the Lie algebra elements 
in the adjoint representation, i.e., the Lie algebra inner product given by the Killing form. We 
write the action above in symmetrized form with respect to E,E in order to make it real. As 



argued in 



Q. 



the auxiliary field can be eliminated from the action so that the equations of motion 
take the standard Yang-Mills form. But consistency of the gravitational coupling was not shown; 
neither is it immediate from our results above, since the action is not of minimal coupling type (|42p . 
Nevertheless we will now demonstrate that the action above is indeed consistent. 

Variation of SyM with respect to the auxiliary fields (pAB and <\>a> B' > by employing the two- form 
basis decomposition 

F = F A bX ab + F a ,b^ a ' b \ (56) 

determines 4>AB = Fab and 4>a'B' = Fa'B'- The gravitational field equations in this case are 
obtained from the total action 5 P + Sy M , see We only need to consider the variation with 
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respect to E to see the modifications of our discussion in the previous sections IIV Al and HVBi 
With the result above for the auxiliary fields we obtain 

£ PQ A [r AB - *abcdZ cd + ^ab) = , (57a) 
E^' A (Rab - *abcdZ cd + ^ab) = -\fabFc ID ^ p ' q ' A E C ' D ' , (57b) 

which should be compared to equations (|44bj) and (|44cj) . The systematic extraction of four- form 
components and a split of the resulting equation into terms of independent symmetry makes these 
equivalent to the equation ^ abcd = 4>abcd that fixes the Lagrange multiplier ^ (but does not 
constrain the Weyl curvature ip) and to 

$abc>d> + \f A bF c , di = , A + 3A = . (58) 

These equations must be compared to (|33ap and (|33bp . We conclude that the Yang-Mills 
coupling Sy M is consistent by equivalence to Einstein-Cartan gravity if and only if the Yang-Mills 
energy momentum has the components 

T(mn)(m'N') = —8FmnFm>n' , T pp pp> = 0. (59) 

That this is indeed the case can be seen by mapping the well-known expression for the metric 
Yang-Mills energy momentum tensor 

T ab = Tr ^ F ap F b p _ 1 gabppqp^ ^ (60) 

to T MNM ' N ' according to ([32]), by then using the basis decomposition (|56p . and finally by expanding 
all occurring two-forms in a tetrad frame. 

Hence the Yang-Mills action (|55|) consistently couples to Plebanski gravity and provides an 
alternative rewriting of the Yang-Mills field minimally coupled according to (|42p . However, our 
general proposal has the clear advantage that it does not need to be checked case by case. 



D. Coupling of spinor fields and equivalence 

We could show in the preceding section that the couplings for scalar and Yang-Mills fields sug- 
gested in |5J at the level of the respective matter actions are also consistent gravitational couplings 
in Plebanski gravity. The same article also presented an 'artificial' candidate for a spinor coupling, 
but we will not analyze the consistency of this ansatz here. Instead, we will show in this section 
how to extend our newly proposed minimal coupling scheme consistently to spinor field matter. 
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The basic observation we need is that tetrad frames can be determined from a given spacetime 
metric up to a local Lorentz transformation. The spacetime metric in turn can be determined 
via the Urbantke formula from either set of two-forms Y> AB or T, A B . Starting from the Einstein- 
Cartan spinor action ,oj,(jj,£\, see section UlI Bl we thus can construct a minimal coupling of 

spinors to Plebanski gravity as 

S p [E, E, lj, lj, C] = ^ f EC [e( 5 (E)), u;,u,X] + \sf c [e(g(t)), lj, lj, C] . (61) 

From this form of the action we may determine a number of useful relations between the 
variations with respect to E and E in case they are induced by a tetrad frame. These will be 
needed below in order to prove the equivalence of Einstein-Cart an and Plebanski gravity including 
spinor fields. First, denoting by T ab the formal real energy momentum tensor of S^ c [e(g), lj, Co, (], 
one finds that 

1 AB - n-r xs-AB ~ a 1 xx^AB ' V ^ 



is the conjugate of 



A ' B '~ VW\^* B ' ~ 4 62**" [ } 

In other words, T s = T s . To see this, one verifies that 8g/5T, is the conjugate of 5g/5Y, by a 
similar calculation as led to (|46p . Second, we may consider the identities 

"dab ^AB (OA \ 

E„„ =g a b, (64a) 



&9ab f\P'Q' o IP' Q') fRAU\ 

rvvAB P9 = ~ A (ae b )B W ' , (64b) 



which follow from combining our previous results in (g6|) with flM|). These imply that T Bp A q B T: J pq 



-'Y.pq x^AB 

is real and T s 7 fi Sp„^ is Hermitian. To summarize, we have that 



ab^pi 

rpT,pq sr^AB _ rp'Epq f^A'B' nSpq -F^A'B' _ rpt,pqA' B' v 

1 AB pq - 1 A'B'^pq ' 1 PQ^pq ~ 1 ^PQpq- l DD J 

The gravitational field equations are derived by variation of the total action S p + S p , see (|22p 
and (|6ip . with respect to lj, E and the Lagrange multiplier We obtain source terms from 

, , 8S P 



/ d 4 x—^e^ c ' dojABcc , (66a) 

JM OLJABp 

5^ = J m d 4 *^ (rgSE^PQ + f%*S2 AB P . Q ) . (66b) 
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Hence the resulting equations read 

(dE AB - 2J A P A A e cc ' = --d 4 x ^^e C v C ' , (67a) 

V / 2 OUABp 

£ p « A (r ab - *abcdZ cd + ^ AB ) = l -^\i\d*xT^ B ^ , (67b) 
S P ' Q ' A (R AB - <t> ABCD X CD + ^ AB ) = l -VW\d 4 xT^ B ^ (67c) 



As usual, the torsion condition is modified by the appearance of spinor fields. The equation for u 
is a similar condition; we do not display it here since it does not affect our proof of equivalence. 
The equations obtained by variation with respect to ^ is the conjugate of the simplicity constraint 
above. Moreover, using identities (|65p . one finds that the equations obtained by variation with 
respect to S are the conjugates of those obtained for S. This fact was also used in our calculation 
for tensor fields. 

Note that one may define two forms from the energy momentum components T s according 
to E^ Bab dx a A dx b = y/\g\e a bp q T J]p J l B dx a A dx b ; and similarly for . These correspond to the 
energy momentum two- forms discussed in [121 ] . In terms of these the variation of the matter action 
becomes 

feS c P = / E% B A6X AB . (68) 
Jm 

Equations (|67bj) and (|67cp can then be rewritten as 

Rab - * ABCD Z CD + ^ AB = -Els , (69) 

but this form is less suitable for our argument below. 

Following the systematic procedure presented in section IIII Al we extract the equivalent four- 
form component equations from (|67bp and (|67c|) . The decomposition into equations of independent 
symmetry yields: 

= V>ABCD - ^ABCD ~ ^ T ^ AB T 'CD)pq , (70a) 
= <S> A BC>D> + ^T S ™ B Z c >D>p g , (70b) 
= A + 3A - \t s %?$ , (70c) 
= T%\ A Z p B)pq . (70d) 

The full dynamical content of Plebanski gravity with spinor field matter (and tensor field matter) £ 
is now nicely summarized by these equations together with the torsion condition (JBTaJ and the 
simplicity constraint (|67dp . 
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In order to prove the equivalence of this formulation to Einstein-Cartan gravity we need to 
translate expressions involving T s into expressions in terms of T defined in (|40p . Substituting 
simple two- forms S(e) and S(e) into the minimal coupling ansatz (|61 j) gives 

S ? p [S( e ),S(e),^,(D,C] = Sf c [e,u,0,(}, (71) 

from which one obtains 

Contracting this expression with e^ A /^f\g\ and using (|17p gives 

TmNM'N' = T SP Mp'E P ' Npq^M'N' + ^ p/S P N'pq^MN 

— T ^pjt^M'N'pq ~ T ^/jfi^MNpq ■ (73) 

A decomposition into components of independent symmetry, using the facts (|65p . finally yields the 
translation prescription 

T(mn)(m>n>) = -2T s ^ 7V S A .//7v' pg , T pp pp/ = 4T s p 9 QSp ? <3 , (74) 

rfi P' OT^f"? vnP rfrP r.rpT.pq fiP' 

J-MN P' — —11 p(M N)pqi 1 P(M'N') — ~ ZI p'(M' N')pq ■ 

The equivalence of Einstein-Cartan and Plebanski gravity with matter minimally coupled as 
proposed is now simple to demonstrate. We observe that equation (|70ap merely determines the 
Lagrange multiplier vf; it does not restrict the Weyl curvature part ip and so does not enter the 
discussion of equivalence. The simplicity constraint (|67dp forces the S and E to be tetrad- induced. 
Then ([6T|) implies SS^ /Sojabp = /SooABp so that equation ()67ap becomes equivalent to the 
torsion condition ([57]) . Finally using the translation prescription ([74]) in equations ()7Qb[) — ()70d|) 
immediately proves their equivalence to equations ()4ip . 

With this result we have achieved a completion of the known Plebanski description of vacuum 
gravity into a consistent gravity theory containing all standard tensor and spinor matter fields. 

V. DISCUSSION 

Plebanski gravity is a reformulation of Einstein-Hilbert gravity in which the gravitational field 
is described by a basis of two-forms and by SL{2, C)-connection one-forms. It is important as a 
geometric starting point for loop quantum gravity and spin foam quantization. 
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In this article we have developed a procedure for the minimal coupling of all common types 
of tensor and spinor field matter to Plebanski gravity. We have proven the consistency of this 
scheme by showing the equivalence of Plebanski gravity to non-vacuum Einstein-Cartan gravity. 
Our results are based on real (non-chiral) formulations of those theories, which is necessary for a 
clean comparison of the new Plebanski minimal coupling to standard real matter actions. As a 
substantial tool we have used the spinor technology introduced by Penrose, which was important 
in our proofs due to the existence of the spinor decomposition theorem. This allowed us to extract 
different symmetry components of the equations systematically, and to use the simplified equations 
to compare Plebanski and Einstein-Cartan theory. 

Our results complete Plebanski gravity into a full classical gravity theory with matter. The 
general coupling prescription developed here is a major advance in comparison to previously known 
matter couplings that were suggested case by case. Our minimally coupled Plebanski matter actions 
are simply derived from the known Einstein-Cartan matter actions, and so do not involve any 
Lagrange multiplier constructions that are considered as 'artificial' in [5|]. Even more importantly, 
we have proven the consistency of Plebanski matter couplings for the first time. 

There exist various ideas for geometric extensions of Plebanski gravity. The proposal put for- 
ward by Krasnov no longer restricts the two- forms to be induced by tetrads [18|, [l9| ; it is based 
on renormalization arguments that lead to a relaxation of the simplicity constraint. Investigations 
of the resulting theory promise gravitational effects such as a curvature dependent cosmological 
constant [181 ] and a consistent behaviour in the interior regime of the Schwarzschild type solu- 



tion 



20]- It is clearly desirable to find a geometric interpretation for the two- forms in case they 



are not simple. Besides the possible use of the Urbantke formula that merely reads out the metric 
information, one idea in this direction comes from the framework of area metric geometry 
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22j. 



Here the two-forms appear as the frames of a four-tensor field on spacetime that measures infinites- 
imal area elements. Instead of the local Lorentz invariance of the metric, the area metric admits 
an SO(3, 3)-invariance. It would be nice to construct an extension of Plebanski gravity with this 
invariance becoming manifest. This might be achieved for instance by extending the algebra of the 
connection forms. An approach of this type has been used in a different context in [3] in order to 
unify Einstein gravity with the Yang-Mills equations. 

The matter coupling to extensions of Plebanski gravity remains to be investigated. The results 
of this article lay a systematic foundation for further research in this direction. Once interpretations 
of the two-form geometries are set, one should expect interesting effects beyond those that can be 
modelled in metric geometries. 
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